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Abstract 

In this paper we use the method of layer potentials to study boundary value 
problems in a bounded Lipschitz domain 0, for a family of second order elliptic systems 
with rapidly oscillating periodic coefficients, arising in the theory of homogenization. 
Let £e = — div(^(e~^X)V) . Under the assumption that A{X) is elliptic, symmetric, 
periodic and Holder continuous, we establish the solvability of the Dirichlet, regu- 
larity, and Neumann problems for C£{us) = in with optimal estimates uniform in 
e > 0. 



1 Introduction 

This paper continues the study in [20] of elliptic homogenization problems in Lipschitz 
domains. Let be a bounded Lipschitz domain in M.'^, d > 3. Consider a family of second 
order elliptic systems Cei^Ue) = in Q, where = {ul, . . . , u^) and 
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We will assume that the coefficient matrix A{X) = (a^ (X)) is real and satisfies the ellipticity 
condition, 



/iler < a°^(^)Cef < -leP for X G M'^ and e = (C) G ^'"^ 

where > 0, and the periodicity condition, 

A{X + Z) = A{X) for X eR"^ and Z e Z'^. 
We shall also impose the smoothness condition, 

\A{X) - A{Y)\ < t\X - Y\^ for some A G (0, 1) and r > 0, 
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and the symmetry condition A* = A, i.e., 

af{X) = aff (X) for 1 < i,j < d and 1 < a, (3 < m. (1.5) 

Under these conditions, we estabhsh the solvabihty of the Dirichlet, regularity and Neu- 
mann problems for Cs{u^) = OmQ with optimal estimates that are uniform in the parameter 
e>0. 

We say A G A(/i, A,r) if it satisfies conditions (11. 2p . (11.31) and (11.41) . The following are 
the main results of this paper. 

Theorem 1.1. Let Q be a bounded Lipschitz domain in M.'^, d > 3 with connected boundary. 
Let Ce = -div{A{e-^X)V) with A e A(/i, A, r) and A* = A. Then for any f e L'^{dn, W^), 
there exists a unique Us such that Cs{us) = in Q, (wg)* G L^{dQ) and = f n.t. on 
dQ. Moreover, the solution Ue satisfies the estimate \\{ue)*\\2 < CII/II2 with constant C 
independent of e > 0. Furthermore, Us may be represented by a double layer potential with 
density G L'^{dVL,W^) and Wg^h < C\\f\\2. 

Here {us)* denotes the usual nontangential maximal function of and || ■ ||p the norm 
in LP{dQ). By = f n.t. on dfl, we mean that u converges to / nontangentially. 

Theorem 1.2. Suppose that Q and A satisfy the same conditions as in Theorem \l.l[ Then 
for any f G W^'^^dQjMJ^) , there exists a unique such that C^iue) = in fl, (Vwe)* G 
L'^{dQ) andue = f n.t. ondVL. Moreover, the solution Ue satisfies the estimate ||(Vm£)*||2 < 
C||Vfan/||2 with C independent of e > 0. Furthermore, Vwe exists n.t. on dQ and Ue 
may be represented by a single layer potential with density ge G L^{dQ,MJ^) and \\ge\\2 < 

Let ^ denote the co normal derivative associated with the operator C^. We will use 
LQ(9f2,M™') to denote the subspace of functions in LP{dQ,M."^) with mean value zero. 

Theorem 1.3. Suppose that Q and A satisfy the same conditions as in Theorem \l.l\ Then 
for any f G Ll{dVL,W''), there exists a u^, unique up to constants, such that Ce{ue) = 
in il, (Vme)* G L'^(dil) and ^ = f n.t. on dO,. Moreover, the solution Ue satisfies the 
estimate ||(V-U£)*||2 < CII/II2 with C independent of e > 0. Furthermore, Vue exists n.t. on 
dfl and may be represented by a single layer potential with density g^ G Lq^OVL^W^) and 

\\9e\\2<C\\fh. 

A few remarks are in order. 

Remark 1.4. In the case of m = 1, the Dirichlet problem for C^lu^) = in Lipschitz 
domains with uniform estimate ||(m£)*||p < C||ue||p was solved for 2 — 6 < p < 00 by Dahlberg 
[8], who extended an earlier work of Avellaneda and Lin [2] for domains satisfying the uniform 
exterior ball condition. Recently the authors initiated the study of the Neumann and 
regularity problems for C.s{ue) = with uniform estimates on ||(VMe)*||p in [20] • Under 
the assumption that A is elliptic, symmetric, periodic and satisfies a certain square-Dini 
condition, we solve the Neumann and regularity problems in Lipschitz domains for the 
sharp range 1 < p < 2 + 6. A new proof of Dahlberg's theorem on the Dirichlet problem 
is also given in [2^. We mention that L^ Neumann and regularity problems for a general 
second order elliptic equation were formulated and studied in [HI [19] (see [17] for references 
on related work on the L^ boundary value problems with minimal smoothness assumptions) . 
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Remark 1.5. Theorems 11.11 [L2] and [L3] extend the analogous results for the second order 
elliptic systems with constant coefficients satisfying fll.2p in Lipschitz domains [271 ttOl [121 
[131 mi (in the constant coefficient case, some results also hold when f 1 1.2 1) is relaxed to 
the so-called Legendre-Hadamard ellipticity condition; see [TOl [281 El)- As in the case 
of elliptic systems with constant coefficients, our results for elliptic systems with periodic 
coefficients are established by the method of layer potentials -the classical method of integral 
equations. We point out that the use of layer potentials in the periodic setting relies on 
two crucial developments. The ffist one is the proof of Coifman-Mclntosh-Meyer [7] of the 

boundedness of the Cauchy integrals on Lipschitz curves. By the method of rotation 
this gives the boundedness of layer potentials on Lipschitz surfaces for elliptic systems 
with constants coefficients. Using the method of freezing coefficients, one also obtains the 

boundedness of layer potentials on Lipschitz surfaces, in small scales, for systems with 
variable coefficients (see e.g. [2T1 on the use of layer potentials in the study of boundary 
value problems for the Laplace-Beltrami operator on Lipschitz sub-domains of Riemannian 
manifolds). However, to treat Lipschitz surfaces for large scales, for operators with periodic 
coefficients, we need to appeal to the work of Avellaneda and Lin on elliptic homogenization 
problems. In a series of remarkable papers [H [21 [H [SI [5] 5 Avellaneda and Lin established 
the uniform C°'", C°'^, estimates for the family of operators {Cg,} in smooth domains. In 
1^5] they also obtained certain decay estimates for large scales on the matrix of fundamental 
solutions of £e. It is these estimates that enable us to show that ||(VMe)*||p < C||(?||p, if is 
given by the single layer potential for the operator Ce with density g (see Sections 2 and 3). 

Remark 1.6. Note that the estimates in terms of nontangential maximal functions, 

WiUeTh < C\\U,\\2, \\{Vu,r\\2 < CWVtanUeh, ||(Vm,)*||2 < ^ll^lb (1-6) 

in Theorems 11.11 [L2l and [L3l are scale-invariant. Thus by a simple rescaling argument, one 
may reduce the proof of Theorems 11.11 11.21 and 11.31 to the case e = 1, provided that in this 
special case one can show that the constant C in (11.61) depends only on d, m, /i. A, r and 
the Lipschitz character of Q. 

With the availability of the method of layer potentials and following the approach for 
elliptic systems with constant coefficients in Lipschitz domains, we are led to the Rellich 
estimates ||V'u||2 < C||VfanM||2 and ||Vm||2 < (^111^112 for suitable solutions of C{u) = 0, 
where C = Ci. Let ip : M^^^ ^ M be a Lipschitz function such that ip{0) = and ||V'i/'||oo < 
M. By localization techniques we may further reduce the problem to proving the following 
a-priori estimates for solutions of C{u) = in D{2r), 

\Vu\^da<C [ \^\'da+- [ \Vu\^dX, 

A{r) iA(2r) C*// r J D(^2r) 



Vu\'da<Cl \Vtr,r,u\^da + — I \\/u\^ dX, 



tan 

A(r) JA{2r) ^ J D(2r) 



;i.7) 



where A(r) = {{x' ,ip{x')) G M'^ : \x'\ < r}, D{r) = {{x',Xd) '■ \x'\ < r and ^^(x') < Xd < 
10\/d{M + l)r}, and the constant C depends only on d, m, /x. A, r and M. 
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The proof of (11. 7p is divided into two parts. Part one deals with the small-scale case 
< r < 1. We mention that in this case, if A G C^(R'^), the desired estimates follow 
readily from the same Rellich-Necas-Payne- Weinberger formulas as in the case of constant 
coefficients, with constant C depending on ||Vv4||oo- Our proof of (11.71) in small scales 
for Holder continuous coefficients, which also uses the Rellich formulas, involves a delicate 
three-step approximation argument (see Sections 6 and 7). This is needed to obtain the 
correct dependence on the constant C in (11.71] , in contrast to arguments in [22] where the 
dependence of the constants are not clear. Part two, which is given in Section 8, treats the 
large-scale case r > 1 and uses the periodicity assumption on A. Here we first apply the 
small-scale estimates and reduce the problem to the control of the integral of \Wu\^ on a 
boundary layer {(x',Xrf) : \x'\ < r and ip{x') < Xd < ipi^x') + 1}. The desired estimates of the 
integral over the boundary layer follow from certain integral identities we developed in [20] 
for elliptic operators with periodic coefficients. These identities may be regarded as Rellich 
type identities for operators with a;d-periodic coefficients. We point out that in the case of 
constant coefficients, Rellich identities are usually derived by using integration by parts on 
some forms involving The basic insight here is to replace the Xd derivative of u by the 
difference Q{u){x' , Xd) = u{x', Xd+l) —u{x', Xd)- The periodicity of A is used in the fact that 
Q{u) is a solution whenever m is a solution. In [20] the approach outlined above was used 
to solve the boundary value problems for elliptic equations with periodic coefficients by 
the method of £-harmonic measures (see Remark 11.41) . With the method of layer potentials, 
the approach works equally well for elliptic systems with periodic coefficients, at least in 
the case p = 2. It is worth mentioning that the symmetry assumption (11.51) . although not 
needed for the uniform boundedness of layer potentials, is essential for the Rellich estimates 
both in small and large scales, which are needed for the uniform invertibility. 

By the stability of Fredholm properties of operators on a complex interpolation scale, the 

results in Theorems 11.11 11.21 and 11.31 extend easily to the W setting for p G (2 — 5, 2 + 5), 
where 5 > depends only on d, m, /i. A, r and the Lipschitz character of Q. Using the 

techniques developed in [9], [211 [25] for constant coefficients, we may further extend the 
results for the Dirichlet problem with boundary data to the range 2<p<ooif(i = 3, 
and to 2 < p < + 6 ii d > A. Similarly, the Neumann and regularity problems for 

Csiue) = may be solved for 1 < p < 2 if = 3, and for - S<p<2iid>A. These 

results, as well as uniform Sobolev and Besov estimates for Cs in nonsmooth domains (see 
[26] for uniform W^'^ estimates in the case m = 1) will appear elsewhere. 

We end this section with a few notations and definitions that will be used throughout 
the paper. 

For a ball B = B{X, r) in M'^ with center X and radius r, we will denote B{X, tr) by tB. 
If < A < 1, then ||/||co,A(n) = inf{M : \f{X) - f{Y)\ < M\X - Y\^ for X,Y e n}. We 

will let ||/||cA(i;d) = ||/||L-(Rd) + \\f\\co^^{Ri)- 

Let Q he a bounded Lipschtz domain. We say Q G n(M, N) for some M > and 
> 10, if there exist r > and {Pi : i = 1, N} C dfl such that dn C Ui B{Pi, r) and 

for each i, there exists a coordinate system, obtained from the standard Euclidean system 

through translation and rotation, so that Pi = (0, 0) and 

B{Pi,CMr) n ^] = B{Pi,CMr) n {ix',Xd) EM.'^ : x' E M'^"^ and Xd > ^x')}, 
where Cm = 10(M + 1), : M"'"^ ^ M is a Lipschitz function, ■0^(0) = and ||V^i||oo < M. 
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Note that ii Q e n{M,N), then its dilation eQ = {eX : X e Q} E n{M,N) for any 
e > 0. A constant C is said to depend on the Lipschitz character of Q if there exist M and 
such that Q G n(M, N) and the constant can be made uniform for any Lipschitz domain 
in Il{M,N). We will call C a "good" constant if it depends at most on d, m, fi in (11.21) . A 
and r in (11.41) . and the Lipschitz character of Q. 

Finally the summation convention will be used throughout this paper. 



2 Matrix of fundamental solutions 

Let C = = —div{A{X)'V). Under the ellipticity condition (II. 2p and Holder condition 
(ll.4p on A{X), it is well known that the gradients of weak solutions to C{u) = div(/) 
are locally Holder continuous, provided that / is Holder continuous. More precisely, let 
B = B{Xo, R) for some Xq G R'^ and < R <1. There exists C = C{d, m, /x. A, r) > such 
that if M G W^''^{2B) is a weak solution to C{u) = div(/) in 2B, then 



C 



Vm||c;o,A(b)<— — - / iMprfX +C\\f\\cOA(^,B) (2.1 



1/2 



(see e.g. [15], p. 88). Also, the gradient Vu is locally bounded and 

II V^ilU-(B) < ^ l«l' dxY + CR^\\f\\co..^2B)- (2.2) 

If i? > 1, estimates (I2.1l) - (l2.2p still hold. However the constant C may depend on R. With 
the additional periodicity condition (11.30 . Avellaneda and Lin, among other things, were 
able to establish the following global gradient estimate in [T] (p. 826). 

Lemma 2.1. Let B = B{Xo, R) for some Xq G R'^ and R> 0. Suppose that u G W^''^{2B) 
is a weak solution to divlAVu) = in 2B for some A G A(/i, A, r). Then 



C ( 1 



>. 1/2 

snp\Vu\<:^^j^JJu\'dXj , (2.3) 

where C depends only on d, m, fi, A and r. 

Using Lemma [2m one can construct a matrix- valued function r(X, Y) = (r°^(X, Y))mxm 
such that for each Y G M*^, V x^{^,Y) is locally integrable and 

riY) = l^^a:^f(X)^T^^iX,Y)£-riX)dX (2.4) 
for = {(f)\ . . . , 0"^) G C^{R'^, M*"). Moreover, r(X, Y) satisfies the estimates 



|r(X,F)| < c\x-Y\'^-'^, 
\VxT{x,Y)\ + |Vyr(x,r)| < c|x-r|^-^ 



(2.5) 
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where C depends only on c?, m, /x, A and r (see e.g. [IS]). The function r(X, Y) = r^(X, Y) 
is called the matrix of fundamental solutions for the operator C in M'^, with pole at Y. Note 
that 

(r^(x,r))* = r^*(r,x), (2.6) 

where A* denotes the adjoint matrix of A. Since Vyr(-, Y) is a weak solution in M°' \ {Y}, 
we also have 

\VxVyT{X,Y)\ <C\X -Yl"'^ for any X,F G M^X ^ F. (2.7) 

If is a real constant matrix satisfying (11. 2p . we will let 0(X, Y; E) to denote TeIX, Y), 
the matrix of fundamental solutions for the operator — div(ii^V). Note that Q{X,Y] E) = 
Q{X - F, 0; E) = Q{Y - X, 0; E) = Q{Y, X; E). Also, e(X, 0; E) is homogeneous of degree 
2 — d m X and 

|V^e(X, 0; E)| < C|Xp~'^-^ (2.8) 

for any X > 0, where C depends only on ci, m, /i and X (see [23]). Moreover, if E,E are 
two constant matrices satisfying (11.21) . then 

I v^e(x, 0; E) - v^e(x, ^■e)<c\\e-e\\ ixi^-*^-^, (2.9) 

where C = C{d, m, fi, X) > 0. We remark that estimate (12.91) may be proved by an argument 
similar to that in the proof of Lemma 12.61 

For a function F = F{X, Y, Z), we will use the notation 

ViF(X, Y, Z) = VxF{X, r, Z) and V2F(X, F, Z) = VyF{X, Y, Z). 

The following lemma describes the local behavior of r^(X, Y). 

Lemma 2.2. Let A G A(yU, A, r). Then for any X, F G W^, 

\Ta{x, y) - e(x, y; a{x))\ < c\x - y\^-'^+^, 
\VxTa{x,y)~ViQ{x,y-a{x))\ < c|x-r|i-'^+\ (2.10) 

\WxTa{X, Y) - Vie(X, Y- A{Y))\ < C\X - Y\'-^+\ 
where C > depends only on d, m, fi, A and r. 
Proof. Let A G A(/i, A, r). Then 

Tf{X,Y)-T'X'{X,Y) = j^^^Tl^{X,Z){a^]{Z)-li^]{Z)]^rl{Z,Y)dZ (2.11) 
for any X, F G M"* (see e.g. tl6j). It follows from (EHH) and estimates (ESl) and (ETD that 

|r.(x,F)-r^(x,F)|<c / ^li^^^ii^L— rfz (2.12) 

\ A\ ^ I , ;i _ J^,\z -X\'^-^\Z -Y\'^-^ ^ ' 

and _ 

|Vir;^(x,y) - Vir^(x,y)| < c -^y|Li (2-i3) 
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\z - x\d-^->^\z - 

|2-d+A 



To show the first inequahty in fl230D . we fix X e and let A = A{X). Then T^{X, Y) 
e(X, Y; A{X)) and by (ITT^ . 

|r,(X, F) - 0(X, F; A(X)) I < C I |^l^i^_^^™|.-i 

< C\X -Y\ 

The second inequahty in f l2.10p follows from (12.131) in the same manner. Note that by (12. 9p . 

I Vie(X, Y; A{X)) - Vi0(X, Y; A{Y))\ < C\X - (2.14) 

The third inequality in (12.101) follows from the second and (I2.14p . □ 

Remark 2.3. If we fix F G and let A = A{Y), the same argument as in the proof of 
Lemma [2.21 yields that 

\rA{X,Y) - e{X,Y; A{Y))\ < c\x-Y\^-'^+\ 

I VyrA(x, Y) - V2e(x, y- a{y))\ < c\x - y\^-''+\ (2.15) 
I Vyr^(x, Y) - V2e(x, y- a{x))\ < c\x - y\ 



\l-d+X 



To study the behavior of rA{X,Y) for |X — y| > 1, we need to introduce the matrix 
of correctors, x = x{^) = iXi^i^)): 1 < i < d, 1 < a, P < m. Here for each i and a, 
X? = ix?^: • • • ; X?"^) is the solution of the following cell problem: 



( C{xt) = C{e-x,) in 
Xi is periodic with respect to Z"^, ^2 j^g-j 

xtdX = 0, 

[0,1] d 

where e" = (0, . . . , 1, . . . , 0) G with 1 in the a^'^ position. Note by estimate (12. 3p . 
||Vx||oo < C for some C = C{d,m, fi, X,t). Let Cq = — div(74oV) denote the homogenized 
eUiptic operator associated with {Ce}, where Aq is a constant matrix in A(/i, A,r) (see e.g. 
[6J, p. 121 for the explicit formula of Aq, given in terms of a^^(X) and x'i'^i^))- 
The following lemma was proved in |5]. 



Lemma 2.4. Let A G A(/i, A,r). Then 



rf{x,Y)-rf{x,Y)\ < c\x -Y\^-'^-^\ 



r) r) r> (2 17) 

\^n^X^Y)-—Tt{X.Y)-—xT{X)-^Tt{X.Y)\<C^ 

for any X,Y E M.'^, where C > and Aq G (0, 1) depend only on d, m, fi, A and r. 
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Remark 2.5. Let / denote the identity matrix (or the identity operator). For brevity the 
second estimate in fl2.17p may be written as 

IVxTaIx, y)-{i + Vx{x))VxrAo{x, y)\ < c\x - r (2.18) 

Using fl2.6p . one may also deduce that 

|Vy(r^(x, Y))* - (/ + Vx*{y))Vy{TaAx, Y)y\ < c\x - y\'-''-^\ (2.19) 

where x* is the matrix of correctors for the adjoint operator C* = — div(A*(X)V). 

The rest of this section is devoted to the estimate of TaIX, Y) — r^{X, Y) and its deriva- 
tives when A is close to A in the space C^(M'^). The results on the derivative estimates are 
local and will be used in an approximation argument for domains Q with diam(r2) < 1. 

Lemma 2.6. Let A, A e A(/i, A, r). Then for any X,Y E M'^, 

\TAiX,Y) -T^{X,Y)\ < C\\A- AlUX -Yf-", (2.20) 

where C = C{d,m, fi, X,t) > 0. Moreover, for each R > 1, there exists a constant Cr 
depending on d, m, fi, X, r and R such that 

iVxTAiX, Y) - Vxr^(X, Y)\ < Cn\\A - I||ca(m.)|X - Y\'-', 
\VxVyTa{X,Y) - VxVYrx{X,Y)\ < Cr\\A - A\\c^^ua)\X -Y\ " 



\-d 



for any X,Y eW^ with \X -Y\< R. 
Proof. It follows from estimate (12.121) that 



\Ta{X,Y)-T^{X,Y)\<C\\A-A\\^ [ 



dZ 



< C\\A- A\\^\X -Y\^-'^. 

To see ([221, we fix Xo,Yo G and consider u{X) = rA{X,Yo) - r^{X,Yo) in 25, 
where B = B{Xo,r/4) and r = \Xo - FqI < R- It follows from (12?^ that ||u||l-(2B) < 
Cr'^-'^WA - I||oo. Let w{X) = Tj{X,Yo). By ([23]), \\Vw\\loo(^2B) < Cr^"^. In view of fl2T|) . 
we also have \\Vw\\co.>^(2B) < Crt^-^-^. Since C^{u) = div(AVw;) = div((A - A)Vw) in 
2B, it follows from ([221) that 

||VM||ioc(B) < Cr'^\\u\\L^(^2B) + Cr^\\{A - A)Vw\\co,x(2B) 

< Cr^~'^\\A - I||oo + Cr^\\A - A\\cx(r^)\\Vw\\cx(^2B) 

< Cri-'^p-IllcA(M^), 

where C may depend on R. This gives the first inequality in (12.211) . The second inequality 
in (I2.2ip follows in the same manner. Indeed, let v{X) = VyTa{X,Yq) — Vyr^(X, "Kq) and 
g{X) = Vyr^(X,Fo)- Then £^(1;) = div((A - A)Vg) in 2B. Thus, 

||Vt;||Loo(ij) < Cr''^\\v\\L^^2B) + Cr^\\A - A\\cx(^s^d-^\\Vg\\cx(^2B)- 



It follows from I^M) and the first inequality in ([221]) that \\v\\l'^(^2B) < Cr^-'^\\A - A\\c> 
By dH]) and ([23D, we see that || V^||c;A(2ij) < Cr-'^-^. Hence 

||V^'||Loo(B) < Cr^'^'WA - A\\c^^Rd), 

where C may depend on R. This completes the proof. □ 
Define 

n^(X, Y) = VxTAiX, Y) - Vie(X, Y; AiX)). (2.22) 
Lemma 2.7. Let A, A e A(/i, A, r) and R>1. Then for X, Y with |X - F| < R, 

\Ua{X, Y) - n^(X, Y)\ < Cr\\A - - Y\'-''+\ (2.23) 

where Cr = C{d, m, fi, X,t,R) > 0. 

Proof. Let = B{Xq, 2R). For any fixed P G -B(Xo, -R), it follows from integration by parts 
that 

VX^X, Y) - e^^X, Y; A{P)) 

= j^^T'f{X,Z){a^]{P) - a^]{Z)]^Q'\Z,Y-A{P))dZ 

+ / ^Tf{X,Z)a^J{Z)n,{Z)Q^\Z,Y-A{P))da{Z) ^^'^^^ 

- / TfiX,Z)n,iZ)a^/iP)^e^\Z,Y;AiP))daiZ), 
Jan (^^j 

where n = (rii, . . . , rid) denotes the unit outward normal to dQ. We now take the derivative 
with respect to X on the both side of (12.241) and then choose X = P. With abuse of notation 
we may write 

Ua{X,Y)= I VxVzTA{X,Z){A{X)-A{Z)]ViQ{Z,Y-A{X))dZ 
Jn 

+ / VzVxTA{X,Z)A{Z)n{Z)e{Z,Y;A{X))da{Z) (2.25) 
Jan 

- [ VxrA{X,Z)n{Z)A{X)Vze{Z,Y;A{X))da{Z). 
Jan 

To estimate IIa{X, Y) — Il^{X, Y), we split its solid integrals as Ii + I2 + I3, where 

h = [ {VxVzrA{X,Z) - VxVzrj{X,Z)}{A{X) - A{Z)}ViQ{Z,Y;A{X))dZ, 
Jn 

h = I {VxVzVx{X.Z)]{A{X)-A{Z)-{A{X)-A{Z))]ViQ{Z,Y-A{X))dZ, 
Jn 

h= I {VxVzTx{X,Z)]{A{X)~A{Z)]{VMZ.Y-A{X))-VMZ.Y-A{X))}dZ. 
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It follows from flOTD that 

Similarly, by estimates (12. 7p and (12.91) . 



\h\<C\\A- AU\X-Y\ 



l-d+A 



Finally we may split the surface integrals in n^(X, F) — n^(X, y) in a similar fashion 
to show that they are bounded by C/j||A — Allc-A/jgd). □ 



Remark 2.8. Let 

A^(X, Y) = VyTa{X, Y) - V2e(X, Y- A{Y)). (2.26) 

Let A,Ae A(yu, A, r) and i? > 1. Using (EE]), one may deduce from ^TM that for X,Y eW^ 
with |X -r| < /2, 

|A^(x, Y) - A^(x, r)| < Cr\\a - - (2.27) 



where C^j depends only on d, m, yU, A, r and i?. 

3 Singular integral operators on Lipschitz surfaces 

Let f2 be a bounded Lipschitz domain in W^. Consider two singular integral operators on 

an, 

T\UW) = P-v. / V,Ta{P, Y)f{Y) da{Y) 

:= lim [ Vir^(P,F)/(r)da(r), (3.1) 

Tl(/)(P)=p.v. / V2TA{P,Y)f{Y)dcr{Y), 
Jan 

where A G A(yU, A,r). We also introduce the maximal singular integral operators T^'* and 
T^'* on (9fi, defined by 



Tl'*(/)(P) = sup| / V,TA{P,Y)f{Y)da{Y)l 

P>o JYedn,\Y-p\>p 

T'/{f){P) = sup I / V2TA{P,Y)f{Y)da{Y)\. 

p>0 JYedn,\Y-P\>n 



(3.2) 



'yean, |y-p|>p 

The main purpose of this section is to establish the following. 
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Theorem 3.1. Let f G LP{dn) for some 1 < p < oo. Then T\{f){P) and Tl{f){P) exist 
for a.e. P E dQ and 

\\T'/{f)\\,+ \\T'/{f)\\,<CM\,, 

where Cp depends only on d, m, fi, X, t, p and the Lipschitz character ofQ. 

Let ip : R'^-^ ^ M be a Lipschitz function with HVV'lloo < M and 

D = {{x',Xd) : x' E W^-^ and Xa > ^x')}. (3.3) 

By a partition of unity and rotation of coordinate systems, it suffices to prove Theorem 13.11 
when Q = D, with constant Cp depending only on d, m, fi, A, r, p and M. To this end, the 
basic idea to treat T^* is to approximate the integral kernel Vir^(P, Y) by ViO(P, Y; A{P)) 
when |P - F| < 1, and by (/ + Vx(i'))Vir^,(P, Y) when |P - y| > 1. The operator Tj'* 
may be handled in a similar manner. 

Let AidD denote the Hardy-Littlewood maximal operator on dD. The proof of Theorem 
13. II relies on the following two lemmas. 

Lemma 3.2. Let Q = D be given by ^3. Then for each P G dD, 

T'/ifm < CM9D{f){P) + 2 sup I / Vie(P, Y- A{P))f{Y) da{Y) \ 

P>0 JY&dD,\Y-P\>p 

+ csup| / Vir^o(p,y)/(y)cia(r)|, 

p>0 JY^dD,\Y-P\>p 

T'/if){P) < CManifW) + 2 sup | / V2e(P, Y- A{Y))f{Y) da{Y) \ 

p>0 JYedD.\Y-P\>o 



+ sup| / V2TA,{P.Y)g{Y)da{Y% 

p>0 jY&dD,\Y~P\>p 

where C = C{d, m, fi, A, r, M) and \g\ < C\f\ on dD. 

Proof. Fix P G dD and p > 0. If p > 1, we use estimate fl2.18p to obtain 



I / V,TAiP,Y)f{Y)daiY)\ 

J\Y-P\>p 

<c\ [ v,TAoiP,Y)fiY)daiY)\+c [ |r - p|i-^-^"|/(r)| rfo-(r) 

J\Y-P\>p J\Y-P\>p 



<Csnp\ / ViTAoiP,Y)fiY)daiY)\+CMdDif)iP). 

i>0 J\Y-P\>t 

If < p < 1, we write {\Y - P\ > p} as {\Y - P| > 1} U {1 > |r - P| > p}. The integral 
of Vir^(P, on {\Y — P| > 1} may be treated as above. To handle the integral on 

{1 > |F — P| > p}, we use estimate (12.101) to obtain 

ViTA{P,Y)f{Y)da{Y)\ 

1>\Y-P\>p 



< I / VMP,y;MP))fiy)d(j{Y)\+C [ \P-Y\'-''+^\f{Y)\da{Y) 

Ji>\Y~p\>p Ay-p\<^ 

<2sup| / VieiP,Y;AiP))f{Y)daiY)\+CM9Dif)iP). 

t>0 J\Y-P\>t 
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This gives the desired estimate for T^'*. The estimate for T^'* follows from fl2.19p and (12.151) 
in the same manner. □ 



Lemma 3.3. Let K{X,Y) be odd in X and homogeneous of degree 1 — d in X . Assume 
that for all < N < N{d) where N{d) is sufficiently large, VxK{X, Y) is continuous on 
§'^-1 X M'^ and \V^K{X,Y)\ < Cq for X G S"'-^ and Y G R"'. Let f G LP{dD) for some 
1 < p < oo. Define 

S\f){P) = p.v. [ K{P-Y,P)f{Y)da{Y), 

JdD 

S'{f){P) = p.v. / K{P - Y, Y)f{Y) da{Y), 

JdD 

Si'*(/)(P) = sup| / KiP-Y,P)fiY)daiY)\, 

P>0 JYedD,\Y-P\>p 

^2'*(/)(P) = sup| / KiP-Y,Y)fiY)daiY)\. 

p>0 JY€dD,\Y-P\>p 

Then S\f){P) and S^{f){P) exist for a.e. P G dD and 

\\S''*{f)h+\\S''*{f)\\,<CCo\\f\\p, 
where C depends only on d, p and M . 

Proof. By considering Cq^K{X, F), we may clearly assume that Cq = 1. In the special case 
where the integral kernel K{X, Y) is independent of Y, the result is a consequence of [7] on 
Cauchy integrals on Lipschitz curves. The general case may be deduced from the special 
case by the spherical harmonic decomposition (see e.g. [21]). Note that only the continuity 
condition in the variable Y is need for VxK{X, Y). □ 

We are now in a position to give the proof of Theorem 13.11 
Proof of Theorem 13.11 

If Aq G A(yU, a, r) is a constant matrix, the boundedness of T^* and T^* on LP{dD) 
for 1 < p < oo follows from [7| and is well known. Thus, in view of Lemma 13. 2[ we only 
need to treat the maximal singular integral operators with kernels ViQ{P,Y; A{P)) and 

V2e(p,y;A(r)). 

Let Ka{X, Y) = Vi0(X, 0; A{Y)). We may write 

Vie(P, Y; A{P)) = Vi0(P - y, 0; A{P)) = Ka{P -Y,P). (3.4) 
Similarly, we have 

V2e(P, Y; A{Y)) = Vi0(F - P, 0; A{Y)) = Ka{Y - P,Y). (3.5) 

Recall that Q{X, 0; A{Y)) is the matrix of fundamental solutions for the constant coefficient 
operator = — div(yl(y)V) with pole at the origin. It follows that Ka{X, Y) is odd in X 
and homogeneous of degree 1 — c? in X. Moreover, for any N > 1, V^-ft'^(X, Y) is continuous 
on (R"^ \ {0}) X R"^ and 

\\/^KAiX,Y)\<C\X\'-''-'' (3.6) 
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where C = C{d,m, ^, N) > 0. In view of fl3.4l) - fl3.5p and Lemma [3 ■3[ we may conclude that 
the maximal singular integral operators with kernels Vi0(P, Y; A{P)) and V20(-P, Y; A{Y)) 
are bounded on LP{dD) and their operator norms are bounded by C{d, m, /i, X,p, M). 

Finally we note that for / with compact support, the existence of T\[f){P) and T\{f){P) 
for a.e. P G dD follows readily from estimates (12.101 ) and fl2.15p and Lemma [3^ The general 
case follows from this and the boundedness of Tj^'* and T^'* on U'[dD). □ 

The following theorem will be useful to us in an approximation argument. 
Theorem 3.4. Let Q be a bounded Lipschitz domain. Let T\, T~, T^, T- be defined by 



(3.7) 



lis. where A,Ag A(/i, A,r). Suppose that diam{Vt) < R for some R > 1. Then for 
1 < p < oo, 

\\T\if) -Tl{f% < Cn\\A- A\\c.^^.)\\f\\,, 
where Cr depends only on d, m, fi, X, t, p, the Lipschitz character of Q and R. 



Proof Recall that n^(P, Y) = ViTa{P, Y) - ViG(P, Y; A{P)). Then 
ViTa{P,Y)-ViT^{P,Y) 

= Ua{P, Y) - Uj{P, Y) + { Vi0(P - Y, 0; A{P)) - Vie(P - Y, 0; I(P)) }. 



(3.8) 



It follows from estimate (I2.23P that the norm of the integral operator with kernel n^(P, Y) 
n^(P, Y) on LP{dn) is bounded by Cr\\A- A\\cx(^d-j for 1 < p < oo. Note that 



I {Q{Z, 0; A{P)) - Q{Z, 0; A{P)}\ < C\\A - (3.9) 

for any > and any Z G M'^, where C depends only on d, m, fi and A^. We may deduce 
from Lemma [3.31 that the norm of the integral operator with kernel Vi6(P — Y, 0; A{P)) — 
Vie(P - F,0;I(P)) on LP{dn) for 1 < p < oo is bounded by C\\A - A\\^. This gives 
the desired estimate for ||T4(/) — T~(/)||p. The estimate for ||T^(/) — P|(/)||p follows from 
Remark 12.81 and Lemma 13.31 in the same manner. □ 

We end this section with a theorem on the nontangential maximal functions. For / G 
LP{dQ), consider the following two functions 



u{X)= [ VxrA{X,Y)f{Y)da{Y) 
J an 

w{x)= [ Vyr^(x,r)/(F)d(T(F) 

J an 



(3.10) 



defined on M"' \ dQ. 



Theorem 3.5. Let Q be a bounded Lipschitz domain. Let u and w be defined by Ii3.10\) . 
where A G A{fi, A, r). Then for 1 < p < oo, ||(m)*||p + ||(w)*||p < C'pll/llp; where (■)* denotes 
the nontangential maximal function taken with respect to f2+ = Q or = M'^ \ ^2, and Cp 
depends only on d, m, fj,, X, r, p and the Lipschitz character ofVL. 
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Proof. Let AioQ denote the usual Hardy-Littlewood maximal operator on d^l. We claim 
that for any P G dQ, 



iunP)<CM9nif)iP) + Csnp \ [ Vie(P, F; A(P))/(F) 

P>o JYedn,\Y-p\>p 

+ Csup| / ViTAo{P,Y)f{Y)da{Y)\, 

p>0 JY€dn;\Y~P\>p 

{wriP)<CM9nif)iP) + Csnp\ [ V2e{P,Y; AiY))f{Y) da{Y)\ 

p>0 JY(^dQ,\Y-P\>p 

+ Csup| / A,{P,Y)g{Y)da{Y)\, 
P>o JYedn,\Y-p\>p 



(3.11) 



p>0 JY€dn,\Y-P\>p 

where C is a "good" constant and \g\ < C\f\ on dQ. Estimate + < Cp^j up 

follows from (13 .111) , as in the proof of Theorem 13.11 We will give the proof for (u)*. The 
estimate for (w)* may be carried out in the same manner. 

Fix P e dn. Let X eR'^\dn such that |X - P| < (:7odist(X, dil). Let r = \X - P\. If 
r > 1, we may use (I2.18P to show that 

\u{X) - (/ + Vx(X))Vf/(X)| <cl^^ il^^ryjtmo ^ CMsnifm, 

where U{X) = f^^ Taq{X, Y)f{Y) d(T{Y). It follows that well known estimates for VU that 
\uiX)\ < CMau{f){P) + C(Vf/)*(P) 

<CManU){P) + Csnp \ [ V,TA,{P,Y)f(Y)da{Y)\. 

p>0 J\Y-P\>p 

Next suppose that r = \X — P\ < 1. We write u{X) = Ji + J2 + J3, where Ji, J2, J3 
denote the integrals of Vir(X, Y)f{Y) over Ei = {Y e dil : \Y - P\ < r}, E2 = {Y e dn : 
r<\Y-P\< 1}, E3 = {Y edn:\Y-P\> 1}, respectively. Clearly, |Ji| < CMan{f){P)- 
For J2, we use (I2.10p to obtain 

\f{Y)\da{Y) 



< 


/ 




JE2 


< 


/ 






< 2 


sup 




p>0 



ViQiX,Y;AiY))fiY)daiY)\+C 
[ Vie(P, Y; A{Y))f{Y) da{Y) \+C [ 

J Eo J E 



\d-l-X 



\X -Y\ 
\fiY)\da{Y) 

E2 



[ vMP,y;My))fiy)dcriY)\ + cM9Dif){p). 

J\Y~P\>o 



In view of (I2.18p . we have 



< C I^ZIP^,, + C\ V.TA^iX, Y)f{Y) da{Y) \ 



<CMaDif)iP) + C\ / V,TA,iP,Y)fiY)daiY)\. 

JEs 

This, together with estimates of Ji and J2, yields the desired estimate for (m)*(P). □ 
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4 Method of layer potentials 

In this section we fix A G A(/i, A,r) and let C = -div(AV), T{X,Y) = r^(X,y). Let 
be a bounded Lipschitz domain in M"^ and n = {rii, ■ ■ ■ , n^) the outward unit normal to dQ. 
For / G LP{dil,W^), the single layer potential S{f) = 5a(/) = (u^, ■ ■ ■ , w™) is defined by 



u"{X)=f r^^{X,Y)f{Y)da{Y), (4.1) 



while the double layer potential T>{f) = VA^f) = {w^, . . . , w"^) is defined by 

w-{X)= I n,{Y)a^]{Y)^T'^^{X,Y)r{Y)da{Y) 

Jan (^Vi / . c)\ 

f f d V ^ ' 

where F^, = (F^f , . . . , T^f) and F^. (X, y) is the fundamental solution for C* = — div(y4*V), 
with pole at Y. Clearly, both S{f) and ^^{f) are solutions of C{u) = in M'^ \ dil. 

The definitions of single and layer potentials are motivated by the following Green's 
representation formula. 

Proposition 4.1. Let u G C^{VL). Suppose that C{u) = in Q. Then for any X G fi, 

u{X)=S{-){X)-V{u)iX), (4.3) 



where |^ denotes the conormal derivative of u on dn, defined by (|^)' 



a/3 
* «J dxj 



Proof Fix X en. Choose r > so small that S(X,4r) C n. Let (p G Co°°(5(X, 2r)) be 
such that (y9 = 1 on i?(X, r). It follows from (12. 4p that 



(4.4) 



/«-(n|-r-.(y;.Y).|-(.».r 

Using integration by parts and C{u) = in fi, we obtain 

u\X)= / n,(F)afr(F)^-F^T(r,X)rfa(y) 

- f n,{Y)a^riY)^T^AY,X) .u-{Y)da{Y). 
Jan oyj 

Since F;:^^ {Y,X) = F^" (X, Y) , this gives (gj) . □ 



(4.5) 
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Remark 4.2. Suppose that u G C\n) and C{u) = + g, where fi,g G C{n,W^) and 
/, = on dn. Then 

.9m 



m(X) = S{—) (X) - PH(X) + viX), (4.6) 



where 



t;°(x)= / ^r"^(x,F) ■/f(F)rfF+ / r"^(x,F)/(F)c/y. 

Theorem 4.3. Let 1 < p < oo. Then 

ll(V5(/))*l|, + ||(P(/))*||,<C,l|/|U (4.7) 

where Cp depends only on d, m, /i, A, t, p and the Lipschitz character ofQ. 

Proof. This follows readily from Theorem 13. 5[ □ 

For a function u defined in \ dQ, we will use m+ and m_ to denote its nontangential 
limits on dfl, taken inside Q and outside Q respectively. 

Theorem 4.4. Let u = S{f) for some f G L'^{dQ) and 1 < p < oo. Then for a.e. P G dQ, 

U- (p) = ±-n,(P)6"^(P)/(P) + p.v. / ^r"^(P, r)/(r) da(r), (4.8) 

where {b°'^{P))mxm is the inverse matrix of {a'^^ {P)ni{P)nj{P)^ 

Proof. By Theorem 14.31 we may assume that / is a Lipschitz function on dVt. Also it is 
known that there exists a set P C dVt such that a{dVt — P) = and the trace formula (14.81) 
holds for any P & F and for any r(X, Y) = TeIX, Y) with constant matrix E G A(/i, A, r) 
(see e.g. [HniEI]). 
Now fix P G P and 

M°(X)=/ e'"^{X,Y;A{P))ff^{Y)da(Y) (4.9) 
Jan 

be the single layer potential for the elliptic operator = — div(A(P)V) with constant 

coefficients. In view of (I2.10p and (12.91) . we have 

|Vir^(x,r)-Vi0(x,r;A(P))| 

< |Vir^(x,F) - Vie(x,r, A(r))| + |Vi0(x,F; A(r)) - Vie(x,F;A(p))| 

< C\X -Y\^-'^+^ + C\X -Yl^-'^IY - P\^ ^ ■ ' 



< C\P-Y 



l-d+X 



for any X G 7(P) = {Z G M'^ \ 51] : dist(Z, 51]) < Co\Z - P|} and F G dn. By Lebesgue's 
dominated convergence theorem, this implies that 

(Vm'^)±(p) =(Vm")±(p) + [ {Virf (p,r)-Vie°^(p,r;A(p))}/'^(r)rfa(r) 

Jen ^^j-^^ 

= ±ln(P)6-^(p)/^p) + p.v. / Virf(p,r)/'^(y)rfa(r). 

^ Jan 
This finishes the proof. □ 
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It follows from gS]) that if m = S{f), 



i-e. {Vtanu)+ = iytanu)- Oil dVt. Moieover, let (|^)' 
(t)^ = (±i/ + M(/), where 



Hi 











( 




ij \ 





(/C^(/)(P))" = p.v. / Kf{P,Y)f{Y)da{Y) (4.13) 

JdVl 



and 



irf (p,y) = n,(P)a:;:^(P)— r^^(p,y). (4.i4) 



In particular we have the jump relation 



/=|'|^) -fS^I . (4.15) 



We may deduce from Theorem 13.11 that ||/Ca(/)|Ip < where Cp depends only on d, 

m, fi, A, r, p and the Lipschitz character of Q. 

Remark 4.5. Let u = for some / G LP{dn, M'") and 1 < p < oo. Then /^^ (|^)^ da = 

0. It follows that {{1/2)1 + ICA){LP{dn,W)) C This implies that 

)CAm{dQ,R"')) C Ll{dQ,R"') for 1< p < oo. 

Let iy^'P(5n,M™) denote the subspace of functions / in LP(5f2,R™') with tangential 
derivatives Vtanf in LP{dQ), equipped with the scale-invariant norm 

\\f\\l,p=\\Vtanf\\p+[a{dQ)]^^\\f\\,. (4.16) 

It follows from Theorem 13. II that for 1 < p < oo, 

\\m\\i,P<C\\fl (4.17) 

where C depends only on d, m, fi, A, r, p and the Lipschitz character of Q. 
The next theorem gives the trace of the double layer potentials. 

Theorem 4.6. Let w = 'D{f) where f G U'{dVL) and 1 < p < oo. Then 

w±={T\l + lC%){f) ondn, 



where /C^, is the adjoint operator of ICa*, defined by ^4-1^ '^''^d ^4-14\ ) 
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Proof. Note that if is a constant matrix in A(/x, A, r), then 



This, together with (12.101) and (12. 151) . shows that 

|— rf (x,r) + — rf (x,r)| <c\x-y\'-^+\ (4.19) 

Ot/i OXi 

for any X, F G M'^. Thus, as in the proof of Theorem 14.41 it follows from the Lebesgue's 
dominated convergence theorem that 



where 



v''{X) = -^ [ n,{Y)a^;'{Y)r-%X,Y)r{Y)da{Y). 
OXi Jan 



(4.20) 



'an 

In view of the trace formula (14.81) . we have 

vUP) = ± l-n.{P)b-^{P) . n,{P)a^{P)r{P) 



± 

2 



+ p.v. / n,{Y)a!^]{Y)^T'^^{P,Y).r{Y)da{Y) (4.21) 
\nP) + P-v. ^,(1^)4" (l^)^r"^(P, Y) . r{Y) da{Y). 



Thus 



<(P) = ^^/"(P) +p.v. / n,(F)aJ^(F) Ar"/^(p,y) . p{Y)da{Y) 

= T^riP) + P.v. / K^^^Y, P)f{Y) da{Y), 
Jan 



(4.22) 



'an 

where Kj^(Y,P) is defined by ( 14.141) . but with A replaced by A*. This completes the 
proof. □ 

In summary, if 1 < p < oo and / G LP{dQ), then u = S{f) is a solution to the 
Neumann problem in Q with boundary data ((1/2)/ + /Ca)/? while w = 'D{f) is a solution 
to the Dirichlet problem in Q with boundary data (—(1/2)/ + }C\*)f. Furthermore, 
(1/2)/ + ^:^ : mdn,W) Llidn^M."') and -{1/2)1 + IC*^, : LP{dn,W^) LP{dn,W^) 
are bounded. As a result, one may establish the existence of solutions in the Neumann 
and Dirichlet problems in Q by showing that the operators (1/2)/ + ICa and — (1/2)/ + IC\* 
are invertible on Lo((?f2,M™') and L^(9f2,M™) respectively. This is the so-called method of 
layer potentials. 
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In the remaining of this section we discuss the layer potentials for = —div{A{e~^X)'V). 
Let T^{X,Y) = r£^(X, F) denote the matrix of fundamental solutions for the operator £e 
on R"', with pole at Y. By rescaling we have 

r,(X, Y) = e'^-'^T{e-^X, e^^Y). (4.23) 

Thus, by (I23D, 



|r,(x,r)|<c|x-rp-^ 
\VxTe{x,Y)\ + |Vyr,(x,r)| < c\x-y\ 



(4-24) 



for any X,Y eR'^. 

For / G LP{dn), the single layer potential S,{f) = (SUf), . . . is defined by 

S^{f){X)= [ rf{X,Y)f{Y)da{Y), (4.25) 
Jan 

while the double layer potential V^^f) = (VKf), . . . ,V^{f)) is defined by 

V^{f){X)= I n,{Y)a!l]{e~'Y)^Tf{X,Y)r{Y)da{Y). (4.26) 
Jan oyi 

Clearly, both Sir{f) and Vir{f) are solutions of Ce{u) = in M'^ \ dVL. 

Theorem 4.7. Let \ < p < oo. Then 

Il(v5,(/))*||, + ||(p,(/))*||,<c,||/iu 

where Cp depends only on d, m, fi, X, t, p and the Lipschitz character ofQ. 
Proof. Fix 6 > and define 

ile = {e-^X : X en}. (4.27) 

Let Ue = Ssif). It follows from K23^ that u^iX) = ev{e-'^X), where v{x) is the single layer 
potential on dQi; for the operator C with density g given by g{Y) = /{eY). Since fi^ and Q 
share the same Lipschitz character, ||(Vi')*||LP(an^) < C||(7||LP(an^), where C depends only on 
on d, m, fi, A, r, p and the Lipschitz character of Q, not on e. By rescaling, this gives the 
desired estimate for ViSe(/). The estimate on 'Pe(/) follows in the same manner. □ 

The next theorem follows readily from Theorems 14.41 and 14.61 by rescaling. 

Theorem 4.8. Let 1 < p < oo and f e LP[dVL). Let u, = S^if). Then (VmJ±(P) exists 
for a.e. P e dVt and (|^)^ = + ^eA)U), where 

KAUm = P-v. / Kfie-'P, Y)f^{eY) da{Y) (4.28) 

and the integral kernel K'^{P, Y) on dQ^ x dQ^ is given by Iji4-H\ )- Similarly, ifws = V^{f), 
then (w,)± = (Ti/ + /C,»/- 
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5 Rellich property 



In this section we reduce the solvabihty of the Neumann, Dirichlet and regularity problems 
for C{u) = in Lipschitz domains to certain boundary Rellich estimates. 

Definition 5.1. Let C = —dw{A{X)V) and f2 be a bounded Lipschitz domain with con- 
nected boundary. We say that C has the Rellich property in Q with constant C = C{Q) if 
||Vm||2 < (^111^112 and ||Vm||2 < C*!! Vian'w||2, whenever m is a solution to C{u) = in such 
that (Vn)* G L'^{dQ) and Vu exists n.t. on dQ. 

Definition 5.2. We say that the Dirichlet problem (-D)p for C{u) = in is uniquely 
solvable with estimate < C||m||p, if for any / G LP{dQ,W^), there exists a unique 

solution to C{u) = in Q with the property that {u)* G U'{dVL) and u = f n.t. on dfl, and 
the solution satisfies ||(m)*||p < C||/||p. 

We say that the regularity problem {R)p for C{u) = in f2 is uniquely solvable with 
estimate ||(Vm)*||p < C||m||i^p, if for any / G W^'P^dQjM."^), there exists a unique solution 
to C{u) = in f2 with the property that (Vm)* G L^^dQ) and u = f n.t. on dQ, and the 
solution satisfies < C||/||i_p. 

We say that the Neumann problem {N)p for C{u) = in is uniquely solvable with 
estimate ||(Vm)*||p < C|||^||p, if for any / G Ll{dil,W^), there exists a solution, unique up 
to constants, to C{u) = in with the property that (Vu)* G L^{dil) and |^ = / n.t. on 
dfl, and the solution satisfies ||(Vti)*||p < C||/||p. 

The following two theorems are the main results of this section. The first theorem 
treats the solvability in small scale - the constant C in the nontangential-maximal-function 
estimates in (15. ip depends on diam(f2), if diam(r2) > 1. The estimates in the second theorem 
are scale-invariant. As a result, by rescaling, they leads to uniform estimates in a Lipschitz 
domain for the family of elliptic operators {Ce}- 

Theorem 5.3. Let C = -div{AV) with A G A(/i, A,r) and A* = A. Let R> 1. Suppose 
that for any Lipschitz domain Q with diam{Q) < (1/4) and connected boundary, there exists 
C{Q) depending only on the Lipschitz character of Q such that for each s G (0,1], Cg = 
— div(^{sA + (1 — s)/)V) has the Rellich property in f2 with constant C{^1). Then for any 
Lipschitz domain Q with diam{fl) < R and connected boundary, {R)2 and (iV)2 for C{u) = 
in Q are uniquely solvable and the solutions satisfy the estimates 

||(Vn)*||2 < — II2 and ||(Vm)*||2 < C\\Vtanu\\2. (5.1) 

where C depends only on n, X, t, the Lipschitz character of Q and R (if diam{Q) > I). 
Furthermore, the Dirichlet problem in fl is uniquely solvable with the estimate ||(m)*||2 < 

C\\U\\2. 

Recall that C is called a "good" constant if it depends only on d, m, /i. A, r and the 
Lipschitz character of Q. 

Theorem 5.4. Let C = —divlAV) with A G A(yU, A,r) and A* = A. Suppose that for 
any Lipschitz domain fl with connected boundary, there exists a "good" constant C{fl) such 
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that for each s G (0, 1], Cs = —div(^{sA + (1 — s)J)V) has the Rellich property in VL with 
constant C{VL). Then for any Lipschitz domain Q with connected boundary, {R)2 o,nd {N)2 
for C{u) = in Q are uniquely solvable and the solutions satisfy the estimates in Ii5.1\) with 
a "good" constant C. Furthermore, the Dirichlet problem in Q is uniquely solvable with 
the estimate ||(m)*||2 < ^711^112 for a "good" constant C. 

The uniqueness for {R)2 and (A^)2 follows readily from the Green's identity, 



a 



by approximating Vl from inside. We will use the method of layer potentials to establish the 
existence of solutions in Theorems 15.31 and 15.41 

Lemma 5.5. (Rellich estimates for small scales) Let Q be a bounded Lipschitz domain with 
ro = diamiyt) < R. Suppose that C{u) = in Q±, (Vu)* E L^{dQ) and (Vm)± exists n.t. 
on dQ. Under the same conditions on A as in Theorem \5.3[. we have 



VuU\'da<C I ?da+-l \Vu? dX. 



an ' Jan ' V^^/ ± ■^n± 

\iVu)±\^da<C [ \iVtanu)±\^da + - [ iVw^rfX, 
an Jan Jn± 



(5.3) 



where N± = {X G r2± : dist{X,dQ) < ro}, and C depends only on d, m, /i, A, t, the 
Lipschitz character ofQ, and R (if tq > 1). 

Proof Let : W^-^ ^ M be a Lipschitz function such that V^(0) = and ||V^/'||oo < M. Let 

Z{r) = {{x',Xd) eR'^ : < r and ^(x) < < 10v^(M+ l)r}, 
A(r) = {{x',ij{x')) G R'^ : \x'\ < r}. 

Suppose that C{u) = in fio = Z{3r), (Vu)* G L'^{dQo) and Vu exists n.t. on 9^0- 
Assume that diam(Z(2r)) < (1/4). Then for any t G (1,2), C has the Rellich property in 
the Lipschitz domain Z{tr) with constant Co = C{Z(tr)) depending only on M. It follows 
that 

\Vu\'^da< / \Vu\'^da 

<Co \j^\^da + CCo \Vu\^da. 

iA(2r) JaZ{tr)\A{tr) 

We now integrate both sides of (15.51) with respect to t over the interval (1,2) to obtain 

,du 2 , . C 



\Vu\'da<C \jr\d(^+- \Vu\'dX. (5.6) 

A(r) iA(2r) C*// r J z(2r) 

Finally we choose r = c(M)ro if ro < 1, and r = c(M) if ro > 1. The first inequality 
in (15. 3p follows from (15.60 by covering dfl with {A,}, each of which may be obtained from 
A(r) by translation and rotation. The proof for the second inequality in (15. 3p is similar. □ 
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Remark 5.6. Under the same conditions on A as in Theorem 15.41 the estimates in (15.31) 
hold with constant C independent of R. This is because we may choose r = c(M)ro for any 

n. 

Lemma 5.7. Let R > 1 and Q be a bounded Lipschitz domain with diam{Q) < R. Under 
the same conditions on A as in Theorem \ 5.3[ the operators (1/2) J + JCa '■ LQ{dQ,M."^) 
Ll{dn,W) and -(1/2)/ + JCa : L^{dn,W) L^{dn,W) are invertible and 

||((l/2)/ + /C^)-^|L._^g<C, ^^^^ 
\\{ - {1/2)1 + JCaY'Wl^^l^ < C, 

where C depends only on fi, X, t, the Lipschitz character ofQ, and R (if diam{Q) >1). 

Proof. Let / G Ll{dn,W^) and u = 5a(/). Then C{u) = in \ dn, (Vm)* G L'^{dn) 
and (Vm)± exists n.t. on dfl. Also recall that (Vtanu)+ = (Vtanu)- on dfl. Since |m(X)| + 
|X||V'u(X)| = 0(|Xp~°') as |X| — s> oo, it follows from integration by parts that 
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By the jump relation (I4.15p . /^^ (f^)_ da = — Jg^ fda = 0. Using Poincare's inequality on 
d^l, (15.81) . together with (15. 2p . gives 

^ \Vu\''dX<Cro\\(^^^ UVtanUh- (5.9) 

By combining (15. 3p with (15.91) and then using the Cauchy inequality with an e > 0, we see 
that ||(Vm)±||2 < C\\ (f^)^ II2 and ||(Vm)±||2 < C||Vtan^||2. It follows that 

||2<C||Vi.„M||2<C||(Vn)^||2<C|| (^1^^ II2. (5.10) 

Consequently, by the jump relation, for any / G Ll{dfl,W^), 

= C||(±(1/2)/ + /Ca)/||2. 
Furthermore, if / G L'^{dVL, M™) and g = f — fan, then 

||/||2<C||(-(l/2)/ + M^7||2+||/adl2 

< C||(-(l/2)/ + M/II2 + CWfanh (5.12) 
<C||(-(l/2)/ + M/||2. 

We remark that the last inequality in (15.121) follows from the observation that fgQ is also the 
mean value of — (|^)_ on dil. Since (|^)^ has mean value zero, this is a simple consequence 
of the jump relation (14.151) . 
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Thus, to complete the proof, we only need to show that the operators (1/2) J + /C^ : 
Ll{dn,W^) Ll{dn,W^) and -(1/2)/ + /Ca : L^idn,W^) L^{dn,W^) are onto. To this 
end, we consider a family of matrices A'^ = sA + {1 — s)I, where < s < 1. Note that by 
[27], ±(1/2)/ + /Cao are invertible on Ll{dn,W^) and L^idVl^W^) respectively. Also observe 
that for each s G [0, 1], the matrix A^ satisfies the same conditions as A. Hence, 



2 < C||((1/2)/ + /Ca0/I|2 for any / G L^(a(],R"^), 

2<C||(-(1/2)/ + /Ca.)/I|2 forany/GL2(afi,R'"), ' 

where C is independent of s. Since \\A'^'^ — A'^^ < |_5^ _ || A||c^(Kd), it follows from 
Theorem [331 that {(1/2)/ + /Ca= : < s < 1} and {-(1/2)/ + /Ca= : < s < 1} are 
continuous families of bounded operators on Ll{dQ, M™) and L'^{dfl, M™) respectively. This, 
together with the estimates in (15.131) and the invertibility results for s = 0, gives the desired 
invertibility for s = 1. The operator norm estimates in (15. 7p follow directly from (15. lip and 

dEH. □ 



Remark 5.8. Under the same assumptions on A and as in Lemma 15. 7[ the operator 
Sa : L^{dn,W^) W^'^{dn,W) is invertible and \\{Sa)~^\\w^,2^l^ < C. To see this, we 
let / G L^(9fi,M™) and u = S{f). It follows from the proof of Lemma [5171 that 

||(V?i)-||2 < C||Vta„n||2 + Cr^'Wuh- (5.14) 

This, together with ||(V'u) + ||2 < C||Vfanw||2 and the jump relation, gives 

I2 < C\\VtanS{f)h + Cr^'\\S{f)h < ^^||5(/)||l,2. (5.15) 



Estimate flsnsjl implies that S : L'^{dn,R"') W^'^id^^W^) is one-to-one. A continuity 
argument similar to that in the proof of Lemma 15.71 shows that the operator is in fact 
invertible. 

Remark 5.9. Under the same conditions on A as in Theorem 15.41 the estimates in (15.71) 
and (I5.15P hold with a "good" constant C. 

We are now in a position to give the proof of Theorems 15.31 and 15. 4[ 
Proof of Theorems 15.31 and 15.41 

As we mentioned earlier, the uniqueness for the Neumann and regularity problems 
follows from the Green's identity fl5.2p by approximating Q from inside. The existence 
for the Neumann and regularity problems is a direct consequence of the invertibility of 
{1/2)1 + ICa on LKdn^W^) and that of 5a : L^dn^W^) W^'^dn^R"") respectively. Since 
-(1/2)/ + ICa is invertible on L'^{dn,W), it follows by duality that -(1/2)/ + /C^ is also 
invertible on L'^{dn,R"') and \\{-{l/2)I + IC*a)~^\\l2^l^ = \\i-{l/2)I + }Ca)'^\\l^^l^. This 
gives the existence for the Dirichlet problem in Q. Note that under the conditions in 
Theorem 15. 4[ the operator norms of (±(1/2)/ + /Ca)~^ and {Sa)~^ are bounded by a "good" 
constant C. It follows that estimates in (15. ip and ||(m)*||2 < C'll'^lh hold with a "good" 
constant C. 

To establish the uniqueness, we construct a matrix of Green's functions (G'"'^(X, F)) for 
Q, where 

C^iX, Y) = r"'3(X, Y) - W^iX, Y) (5.16) 
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and for each /? and F G Q, W^{-, Y) = {W^^{-, Y),..., W""^!^-, Y)) is the solution to the 
regularity problem for C{u) = in Q with boundary data 

r^(., Y) = (ri^(-, F), . . . , r"^(-, r)) on on. 

Suppose now that C{u) = in fi, (n)* G L'^{dQ) and u = n.t. on dfl. For p > 
small, choose ip = ipp so that = 1 in {X G i7 : dist(X, > 2p}, 99 = in {X G ^2 : 
dist(X,9fi) < p} and |V<^| < Cp-\ Fix Y e il so that dist(r,5n) > 2p. It follows from 
([MD that 

u^Y) = u^YMY) = l^fiX)^iG^HX,Y)}^yv)dX 

= -j<n^)G'\X,Yf-£-^-l^^dX (5.17) 

where we have used the integration by parts and A* = A. This gives 

HY)\<- [ \G{X,Y)\\Vu\dX + - [ \VxG{X,Y)\\u\dX, (5.18) 
P Jf, P Jf, 

where Fp = {X e n : p < dist(X, dVl) < 2p}. Using G(-, F) = u = n.t. on dVl as well as 
the gradient estimate (12. 3p on u, we may deduce from (15.181) that 

HY)\<C j {VG{;Y))l{u);^da, (5.19) 
Jan 

where (m)*^(P) = sup{|V«(X)| : X G 7(P) and dist(X,(9fi) < 3p}. As (VG(-, F))^^(m)^^ G 
L^((9f2), we may conclude from (I5.19P by the Lebesgue dominated convergence theorem that 
u{Y) = 0. This completes the proof. □ 



6 Solvability for small scales, Part I 

The main purpose of this and next sections is to establish the following theorem. 

Theorem 6.1. Let A = (a'^f) be a real matrix satisfying the symmetry condition U.5\) . the 
ellipticity condition M.2\) and the smoothness condition \1.4^ . Let R > 1. Then for any 
bounded Lipschitz domain Q with connected boundary and diam{Q) < R, the Neumann 
and regularity problems for div{AWu) = inQ are uniquely solvable and the solutions satisfy 
the estimates in / (5. 1\) with constant C depending only on p, \, r, the Lipschitz character of 
fl, and R (if diam{Q) > 1). Furthermore, the Dirichlet problem for divlAVu) = in Q 
is uniquely solvable with estimate ||(m)*||2 < C*||m||2- 

Remark 6.2. Note that the periodicity of A is not needed in Theorem 16. 1[ This is because we 
may reduce the general case to the case of the periodic coefficients. Indeed, by translation, we 
may assume that G il. If diam(f2) < (1/4), we construct A G A{p, A, Tq) so that A = A on 
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[—3/8, S/S]"^, where tq depends on yU and r. The boundary value problems for div(ylV'u) = 
in Q are the same as those for div(/lVM) = in Suppose now that tq = diam(i7) > (1/4). 
By rescaling, the boundary value problems for div(y4VM) = in f2 are equivalent to that of 
div{A^Vu) = in where A\X) = A{4roX) and = {X e R'^ : AtqX e fi}. Since 
diam(fii) = (1/4), we have reduced the case to the previous one. 

By Remark 16.21 it is enough to prove Theorem 16.11 under the additional assumption that 
diam(n) < (1/4) and A is periodic with respect to Z'^ (thus A G A(/i, A,r)). Furthermore, 
in view of Theorem 15.31 it suffices to show that if C = — div(AV) with A G A(/i, A,r) and 
A* = A and if is a Lipschitz domain with diam(r2) < (1/4), then C has the Rellich 
property in Q with constant C{Q) depending only on fi, A, r and the Lipschitz character of 
Q. We point out that if A is Lipschitz continuous, the Rellich property follows readily from 
the Rellich type identities, as in case of constant coefficients (see e.g. [12] )• However, since 
it is essential to us that the constant C{Q) depends only on the Lipschitz character of Q, 
the proof for operators with Holder continuous coefficients is quite involved. 

As we pointed out above. Theorem 16.11 is a consequence of the following. 

Theorem 6.3. Let C = —div{AVu) with A G A(yU, A,r) and A* = A. Let VL he a hounded 
Lipschitz domain with diam{Q) < (1/4) and connected houndary. Then C has the Rellich 
property in Q with a "good" constant. 

By translation we may assume that G i7 and thus Q C [—1/4,1/4]'^. We divide the 
proof of Theorem 16.31 into three steps. 

Step One: Establish the invertibility of ±(1/2)/ + /Ca under the additional assumption that 
(AeC\[-l/2,l/2r\dn), 

\ \VA{X)\ < Ci{dist(X,9n)}^°"' for any X G [-1/2, 1/2]^^ \ 

where Aq G (0, 1). 

Clearly, if A G C\[-l/2, 1/2^), then it satisfies flO) . 

Lemma 6.4. Let Q he a hounded Lipschitz domain with connected houndary. Suppose that 
G r2 and tq = diam{Q) < (1/4). Let A G A(/i, A,r) he such that A* = A and condition 
i\6.1\) holds. Assume that C{u) = in Q, (Vu)* G L'^{dQ) and (Vn)+ exists n.t. on dQ. 
Then 

\Vu\^da<C f \^\^da + C f (\V A\ + r^^)\Vu\^ dX, 



an Jan 



dv 



(6.2) 

/ \Vu\^da<C \Vtanu\^d(x + C {\VA\+rQ^)\Vu\UX, 
Jan Jan Jn 

where C depends only on /i and the Lipschitz character ofQ. 

Proof. Let h be a vector field on M'^ such that supp(h) C {X : dist(X, 9f2) < cro}, 
|Vh| < Ctq^ and < h, n >> c > on dfl. As in the case of constant coefficients, the 
estimates in (16.21) follow from the so-called Rellich identities, 

<h,n>arf^-^da = 2 [ < h, > (^Y da + h, 
an oxi dxj Jq^ \dv J 

/ <h,n>a"f^ — da = 2 hkaff- — n^^ n^- — ] u"" da + h 

Ian oxi dxj Jq^ ^ dxj \ dxi dx^J 
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where 



|/i| + I/2I <C [ {|Vh| + \h\\VA\}\VufdX 
Jn 



and C depends only on /i. The proof of (16.31) . which uses integration by parts and the 
assumption that A* = A, is similar to the case of constant coefficients. The latter may be 
found in p]. □ 

Remark 6.5. Let C{u) = in (-1/2, 1/2)'^ \ H. Suppose that (Vm)* G L'^{dn) and (Vm)_ 
exists n.t. on dQ. Under the same conditions on Q and A as in Lemma [6. 4[ we have 

[ \{Vu)4^da<C I \{^)_?da + C I {\V A\ + r^^)\Vu\'' dX, 

J an Jdn 0*1/ Jn_n[-i/2,i/2]d ,„ ,^ 

r r r ^ 

/ \{Vu)-\^da<C \iVtanu)^\^da + C {\VA\+r^^)\Vu\^dX, 
Jan Jan Jn^n[-{i/2),i/2]'' 

where C depends only on /i and the Lipschitz character of Q. The proof is similar to that of 
Lemma 16.41 



Lemma 6.6. Under the same assumptions as in Lemma 6.4. we have 



Jan Jan '^^ Jan 

I |VM|2da<C{l + r2V'""'} / \Vtanu\^da + C{pr^f^' f |(VM)*|2da, 
Jan Jan Jan 



(6.5) 



where < p < 1 and C depends only on fi, the Lipschitz character ofQ and Xq, Ci in Ii6. 

Proof. Write Q = F1UF2, where Fi = {X e Q : dist(X,9fi) < pro} and F2 = {X e Q : 
dist(X, 9^2) > pro}. Using the condition (16.11) . we obtain 

[ \WA\\Vu\'^dX <Ci [ {dist{X,dn)}^°-^\\/u\^dX + Ci{pro)^°-^ [ \Vu\'^ dX 

Jn Jfi J F2 /r r\ 

(6.6) 

<C(pro)^« / |(VM)*|'rffT + Ci(pro)^°-' / iV^l^dX. 
Jan Jn 

This, together with (16. 2p and (15.91) for gives 

\\'^u\\l<C\\^\\l + C{l + rl^p'^^^-^)\\^\^^^^^ (6.7) 

The first inequality in (16.51) follows from (16. 7p by the Cauchy inequality with an e. The proof 
of the second inequality in (16. 5p is similar. □ 

Remark 6.7. Let C{u) = in Suppose that (Vm)* G L^(9fi), (Vm)_ exists n.t. on dVt, 
and |'u(-^)| = OdXp"*^) as |X| 00. In view of Remark 16.51 and (15. 9p for the same 
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argument as in the proof of Lemma 16.61 shows that 



J an du 



an 



/ |(V«)_pcia<C'{l + ro%2^«-2}||(Vi,„n)_||2 + C(pro)^''||(Vn)*||^ 
Jan 

' du 



(6i 



+ C(pro)"°" Van 



an 



du 



da 



for any < p < 1. 

The following theorem completes Step One. 

Theorem 6.8. Suppose that VL and A satisfy the conditions in Theorem \6.3[ We further 
assume that G f2 and A satisfies Ii6. Then (l/2)/ + /C^ and — (l/2)/ + /C^ are invertible 
on LQ{dQ,W^) and L'^{dQ,M.'^) respectively, and the estimates in ( [5. 7| j hold with a constant 
C depending only on fi, X, r, the Lipschitz character of Q and Ci, Aq in ^6.1\) . 

Proof. Let / G L'j^{dVL^ W^) and u = S{f) be the single layer potential. In view of (16.81) . we 
obtain 

||(V«)-||2<p^°-^||(Vn) + ||2 + Cp^/'i|/|h, (6.9) 



for any < pi < 1, where we also used the fact that (Vtanu)- = (Vja„'u)+ and ||(Vm)*||2 < 
CII/II2. Similarly, by m, 



\\{VuUh<Cp'r'\\{^)j2 + Cp',^/' 



2, 



(6.10) 



for any < p2 < 1. It follows from the jump relation (I4.15p . (16. 9p and (16.101) that 



2 ^ H^] + ll2 + \\{—.)-h 



< cpt°-v^-i (^) + cip'r'pi"^' + P^/'} 11/112. 



(6.11) 



We now choose pi G (0, 1) and then pa G (0, 1) so that C {p^'''^ p^"^^ + p^^^} < (1/2). This 
gives 

(6.12) 



2<C||( — )j|2 = C||((l/2)/+M/||2, 



for any / G Lg(c}f2, M"^). The same argument also shows that for any / G Lg((?f2, R*^), 



<C\\{—)_h = CU-il/2)I + }CA)fh. 
The rest of the proof is the same as that of Lemma 15. 7[ 



(6.13) 
□ 
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Remark 6.9. Let / G L^{dn) and u = S{f). It follows from ([63]) and ([6lD that 

||(VW)+||2 < Cp^-lVi„„w||2 + Cp^/'||/||2, 

||(Vn)_||2 < Cp^,^^-'\\Vtanu\\2 + CpJ^^I/lh + Cr,'\\uh, 
for any pi,p2 £ (0, 1). This, together with the jump relation, implies 

II/II2 < C\\VtanS{f)h + Cr,'\\S{f)h < ^ll'5(/)||l,2. 

Thus S : L'^{dQ,MJ^) — > W^''^{dQ,MJ^) is one-to-one. A continuity argument similar 
in the proof of Lemma [5.71 shows that the operator is in fact invertible. 

7 Solvability for small scales, Part II 

In this section we complete the second and third steps in the proof of Theorems 16.31 
Step Two: Given any A G A(/i, A, r) and Q such that A* = A, E Q and =diam(n) < 
(1/4), construct A G A(yU, Aq, tq) with Aq and tq depending only on n, A, r and the Lipschitz 
character of Q, such that 

A{X) = A{X) if dist(X, an) < cro, (7.1) 
and such that the operators 

(1/2)/ + jCj : Llion, M™) Llion, M™), 

-(1/2)/ + JCx : L\dn, R'") ^ L\dn, W""), (7.2) 
: L\dQ,R"') W^'\dQ,W^) 

are invertible and the operator norms of their inverses are bounded by a "good" constant. 

Lemma 7.1. Given A G A(/i, A, r) and a Lipschitz domain Q such that diam{Q) < (1/4) and 
E Q. There exists A G A(/i, Ao,To) such that A = A on dQ and A satisfies the condition 
Ii6. where Aq G (0, A], tq and Ci in Ii6. 1\) depend only on fi, X, r and the Lipschitz character 
ofVL. In addition, {A)* = A if A* = A. 

Proof. By periodicity it suffices to define A = (a^f) on [—1/2, 1/2]'^. This is done as follows. 
On Q we define A to be the Poisson extension of A on dfl; i.e., a^^ is harmonic in fl and 
a^^ = on dQ, for each i,j,a,p. On [—1/2, 1/2]^^ \ Q, we define A to be the harmonic 
function in (-1/2, 1/2)^^ \ H with boundary data A = A on dn and A = I on d[-l/2, 1/2^. 
Note that the latter boundary condition allows us to extend A to R'' by periodicity. 

Since a^^^f^^ is harmonic in (—1/2, l/2)'^\9f2, the ellipticity condition (11. 2p for A follows 
readily from the maximum principle. By the solvability of Laplace's equation in Lipschitz 
domains with Holder continuous data (see e.g. ^1.7]), there exists Ai G (0,1), depending 
only on the Lipschitz character of Vt, such that A G C^o(n) and A G C^«([-l/2, 1/2]'' \ Vt), 
where Aq = A if A < Ai, and Aq = Ai if A > Ai. It follows that A G C^o(R'^). Using the 
well known interior estimates for harmonic functions, one may also show that |VA(X)| < 
Ci{dist(A:,ai])}^°"^ for X G [-3/4,3/4]'=' \ OVt, where Ci depends only on /i. A, r and 
the Lipschitz character of VL. Thus we have proved that A G A(/i, Aq, t) and satisfies the 
condition (El]). Clearly, {A)* = A if A* = ^. □ 
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(6.14) 

(6.15) 
to that 



Let e G C^{-l/2,l/2) such that < < 1 and = 1 on (-1/4,1/4). Given A E 
A(/i, A, r) with A* = A, define 



MX) (7.3) 



for X e [-1/2,1/2]"^, where p G (0,1/8), S{X) = dist(X,9fi) and /l(X) is the matrix 
constructed in Lemma mi Extend A'^ to M*^ by periodicity. Clearly, A'^ satisfies the ellipticity 
condition and (Ap)* = Ap. 

Lemma 7.2. Let Ap be defined by ([7^. Then 

\\AP - A|U < C7p^° and \\Ap - A\\co,x,^^,) < C, (7.4) 
where C depends only on fi, X, t and the Lipschitz character ofQ. 

Proof. Let Rp = Ap - A. Given X e [-1/2, 1/2]^^, let P e dil such that \X - P\ = 5{X). 
Since A{P) = A{P), we have 

\A{X) - A{X)\ < \A{X) - A{P)\ + \A{P) - A{X)\ < C\X - P|^" = C{5(X)}^". 
It follows that 

\HP{X)\ < Ce{p-'6{X)){6{X)}^° = Ce{p''6{X)){p~^6{X)}^° p^" < Cp^\ 

This gives \\Ap - A\\^ < C p^'K 

Next we show \Hp{X) - Hp{Y)\ < C|X-F|^« for any X,Y e R'^. Since \\Hp\\^ < Cp^\ 
we may assume that |X - r| < p. Note that if'' = on [-1/2, 1/2]^^ \ [-3/8,3/8]"^. Thus 
it is enough to consider the case where X, F G [—1/2, 1/2]°'. We may further assume that 
5(X) < p or 6{Y) < p. For otherwise, Hp{X) = Hp{Y) = and there is nothing to show. 
Finally, suppose that S(Y) < p. Then 

\HP{X) - HP{Y)\ < e{p-'6{X))\{A{X) - A{X)) - {A{Y) ~ A{Y))\ 

+ \AiY)-AiYmp-'5iX))-9{p-'6{Y))\ 

< C\X - Y\^" + C{6{Y)y°\X - Y\ ■ p-^ 

< C\X - + Cp^°-i|X - Y\ 

< C\X-Y\^°. 

The proof for the case S{X) < p is the same. □ 
It follows from Lemma [7.21 that for p G (0, 1/4), 

P"-^llc>^o/2(M<^) <C^P^°/'. (7.5) 
Since Ap = A = A on dQ, we may deduce from Theorem 13.41 that 

||/Cap - ICaWl^^l^ < C\\AP - < Cp^°/2_ (7^g) 
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for any p G (0, 1/4). Note that by Lemma [7.11 and Theorem 16.81 the operator (1/2) J + /C^ 
is invertible on Ll{dVL,W^) and \\{{l/2)I + ICxY^lI^lI < C. Write 

(1/2)/ + /Cap = (1/2)/ + 1Ca + (/Cap - /C^)- 

In view of (17. 6p . one may choose p > depending only on /i, A, r and the Lipschitz character 
of VL so that 

II ((1/2)/ + /Ca)-^(/Cap - < 1/2. 

It follows that (1/2)/ + /Cap is invertible on Lg(afi,M'") and 



II ((1/2)/ + /Cap)-^ lUg^xg < 2|| ((1/2)/ + /Ca)-^ |U._i2 < 2a 



Similar arguments show that it is possible to choose p depending only on p, A, r and 
the Lipschitz character of n such that -(1/2)/ + IC* : L'^{dn,R"') 1^(8^,^) and 
Sap '■ L'^{dfl,MJ^) —>■ W^''^{dfl,W^) are invertible and the operator norms of their inverses 
are bounded by a "good" constant. Let A = A^. Note that if dist(X, 9f2) < (l/4)p, 
AP{X) = A{X). This completes Step Two. 

Step Three, which is given in the following lemma, involves a perturbation argument. 

Lemma 7.3. Let A'^ = {a.'if), A^ = {bff) G A{p, A, r). Let Q be a bounded Lipschitz domain. 
Suppose that A^ = A^ in {X G fl : dist{X, dQ) < CqTo} for some Cq > 0, where vq = diam{VL). 
Assume that £° = —div{A^'W) has the Rellich property in Q with constant Cq. Then = 
— div^A^V) has the Rellich property in Q with constant Ci, where Ci depends only on d, m, 
p, A, T, Co, Co and the Lipschitz character ofQ. 

Proof. Suppose that C^{u) = in fi, (Vm)* G L'^{dVL) and Vm exists n.t. on dVt. Let 
<^ G C^iW^) such that |Vv?| < Cr^^ , ^ = I on {X e : d\st{X,dVt) < (l/4)coro} and 
= on {X G : dist(X,9r]) > (l/2)coro}. Let u = Lp{u - E), where E = un is the 
average of u over Q. Note that 

C'{u) = -9,{ay(9,^)(^ - Er} - af{d,^){d,u\ 

where we have used the fact that C^{u) = C^{u) = on {X G fl : dist(X, 5^2) < coro}. It 
follows from (14. 6 p that 

u{X) = 5ao (^^^ - Pao(u) + viX) = wiX) + viX), (7.7) 

where v satisfies 

\Vv{x)\<c f |VxVyrAo(x,F)||v^||M-E|dr 

(7.8) 

+ C \\/xTAoiX,Y)\\\/ip\\Vu\dY. 
Jn 

This, together with ([23]) and (I22D, implies that if X G and dist(X,(9fi) < (l/5)coro, 

|Vt;(X)|2 < _ / |v«|2rfy < Crl'^W^hWVtanuh, (7.9) 
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where we have used (15.91) for the last inequahty. 

Next, note that C^{w) = in Q, where w = u — v. Using (17.91) and the assumption 
(Vm)* G L'^{dQ) as well as the L°° gradient estimate (12. 3p . we may deduce that (Vw)* G 
L'^{dQ) and Vw exists n.t. on dfl. Since has the Rellich property, this implies that 



|Vw||2 < Colh — lb < C{||- — II2 + ||Vt;||2} 



(7.10) 



where we used (17. 9p in the last inequality. Using (17. 9p again, we obtain 

||Vm||2 < C{||Vw||2 + ||Vt;||2} 

<^nf\\ II ^11 i|i/2||v7 11I/2I (7-11) 

< C { \\- II2 + II2 \\ytanU\\2 



The desired estimate ||Vm||2 < C*!! gf^lh follows readily from (17. lip by the Cauchy inequality 
with an e. The proof of ||Vn||2 < C||Vtan^||2 is similar. □ 

Finally we give the proof of Theorem 16.31 
Proof of Theorem l6.3[ By Step Two there exists A G A(/i, Aq, tq) such that A = Am {X G 
R'^ : dist(X,afi) < c} and (1/2)/ + /C^ : L^{dn,W) L^{dn,W^), : L'^{dn,W) 
W^''^{dQ,MJ^) are invertible. Moreover, the operator norms of these inverses are bounded 
by^ a "good" constant C. It follows that the Neumann and regularity problems for 
C^{u) = in are uniquely solvable and the solutions satisfy ||(V'u)*||2 < CUf^lh and 

||(V-u)*||2 < C*!! Vtan'w||2 with "good" coustaut C. In particular the operator has the 
Rellich property in Q with a "good" constant C. By Lemma [7.31 this implies that C has the 
Rellich property in Q with a "good" constant C. The proof is complete. □ 



8 Rellich estimates for large scales 

Let ip he a Lipschitz function on M'^"^ such that ipi^) = and llVV'Hoo < M. Let D{r) and 
A(r) be defined as in (15. 4p . In this section we establish the following. 

Theorem 8.1. Let C = —dw{AV) with A G A(/i, A,r) and A* = A. Assume that A G 
C^(M''). Suppose that C{u) = in D{8r) for some r > 0, where u G C'^{D{%r)), {^uYj^^^^-^ G 
L^(A(6r)) andVu exists n.t. on A(6r). Then 



Vu\'da<C I A''da+- I iVMprfX, 



A(r) JA(4r) r J £){4r) 



c 

^ , I ^ I 

tan 

A(r) JA{ir) ^ J D{4r) 



Vu?da<C \WtnnU?da + — Wu? dX, 



where C depends only on fi, X, r and M. 
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Observe that by Theorem 16.31 and the locahzation techniques used in the proof of Lemma 
EM the estimates in dHU) hold for < r < 3 with C = A, r, M) > 0. We will rely on 
the Relhch identities developed in j20j treat the case r > 3. 

Let Q be the difference operator defined by 

Q{f){x',x,) = f{x',x, + 1) - f{x',xd). (8.2) 

It is easy to verify that 

Qifg) - Q{f)Q{9) = fQig) + gQU) (8.3) 

and 



QU)dX= fdX- fdX, (8.4) 

lD(r) J l^ l<'' J 1^ 

where C = 10^/d{M + 1). Also note that since A{x', + 1) = A{x', Xd), we have QC = CQ. 
In particular, C{Q{u)) = whenever C{u) = 0. 

Lemma 8.2. Let r > 1. Under the same conditions on A and u as in Theorem \8.1[ we have 

\Vu\^dX<cf \^fda+-f iVul^dX, (8.5) 

^l>{x')<Xi<il>{x')+l Jl\{,zr) JU(ir) 

where C depends only on fi and M. 



Proof. By approximating the domain D{3r) from inside, we may assume that u G C^(D(3r)). 
Let Qp = D{p) for p G (r, 2r). It follows from integration by parts that 



2 Jop I oxj \dxij \ dxj J dxi 



2 Jn^ \dxj dx. 



where we have used the symmetry condition fll.51) . fl8.3p and the ellipticity condition (II. 2p . 
This, together with the periodicity condition on A{X), gives 
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In view of fl8.4l). we obtain 



u / \Vu\^dX 
J W\<p 



<-2[ ^.Q{u)da+- [ |VM|2rfX 

P Cp<Xd<Cp+l 

<6 [ \Q{u)\'da + -f A' da 
Ja(p) J^(„) ou 



(8.6) 



+ C / \S/u\\Q{u)\da + C / \WuydX 

-^Cp^xltcp+l 

for p G (r, 2r), where 5 G (0, 1) and we have used the Cauchy inequahty. 
Next, using \Q{u){x' ,Xd)\'^ < J^^~^^ \^{x' , s)\'^ ds, we see that 



A(P) 



\Q{u)\'da<C I \Vu\'dX (8.7) 



ip{x')<xa<'il)(x')+l 

and 

/ \Q{u)\'da 
Jdnp\Aip) 

p i-ip{x')+p+l r (8.8) 

<C / |VM(2;',s)|2rfsda + C / iVw^dX, 

JdBiO,p) J^ix') -^Cp-txltw 

where C depends only on M. 

Finally we choose 5 > in ^M) so small that 5C < (1/2)^. In view of ([HID, (D and 
(18. 8p . we obtain 

\x'\<r ' ' 

V'(a::')<a^d<i/'(a;')+l 

<C \ — \da+C / \Vu{x',s)\Usda (8.9) 

iA(2r) JdB(Q,p) JrP{x') 

+ C [ \Vu{x',Cp)fdx' + C [ , \VufdX, 

l^l^^*^ Cp<Xj,<Cp+l 

The desired estimate follows by integrating both sides of (18. 9p with respect to p over the 
interval (r, 2r). □ 

Lemma 8.3. Let r > 1. Under the same conditions on A and u, we have 

\Vu\'^dX<cl \Vtanu\'^da + - [ \Vu\^ dX, (8.10) 

■ i.(x')<::<iix')+i -^^(2.) r;^(3,) 

where C depends only on p and M . 
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Proof. Let Qp = D{p) for p G (r, 2r). As in the proof of Lemma [8 ■2[ we have 



u / , ,, Vm dtdx 

J k'|<p ' ' 

i}{x')<Xci<il}(x')+l 

<-2f ^.Q(u)da+- f iVul^dX. 



(8.11) 



Cp<xa<Cp+l 

To estimate the first term in the right-hand side of (18.111) . we observe that 

/ ^.Q{u)da= [ u--^{Qiu)}da= [ u'^ ■ n^af ^Q{u^) da 



■ni< — ( a^f {x ,Xd + s)- — {x ,Xd + s) ] ds } da 

diip L \ J 



/ u"-ni- — <^ / a°'f{x',Xd + s)- — {x' , Xd + s) ds V da (8.12) 
JdUp oxd yJo ^ dxj J 

nd^^ I J atfi^'j + s)^^(x', Xd + s) c/sj da 
— ■ <^J aif{x,Xd + s)-^{x,Xd + s)dsjda, 



d 

OXn 



niT\ ^d- 

OXd 

where we have used the facts that C{Q{u)) = and that {n-i-^ "^d-^) is a tangential 

derivative. It follows that 



<C I \Vtanu{X)\ { [ \Vu{x', Xd + s)\ds\ da 
JavLp I Jo J 

<5 f If \Vu{x\xd + s)\^ds\da + C5 f \Vtanu\^da (8.13) 
Jd^p I Jo J Jaup 

<C6 [ , |V^/pdX + C5 /" \VtanU\^da 

%{x')<Xi<i,(x')+l •''^^P^ 

+ C I |VM|2rfa + C /" \ f \Vu{x\xd + s)\'^ds\da, 

Janp\A{p) Jdnp\A{p) [Jo ) 

where 6 G (0, 1) and we have used the Cauchy inequality. 

We now choose 6 so that C6 < (1/4)/^. In view of (18. lip and (I8.13p . we obtain 



ip{x')<xa<ip{x')+l 

I 

'A{2r) 



<C f \VtanU\^da + C [ , „ \Vu\^dX 

c[ \Vu\^da + C [ \[ \Vu{x',Xd + s)\'^ds\da, 

Janp\/\{p) JaQp\A{p) [Jo J 
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(8.14) 



for any p G (r, 2r). Estimate (18.101) follows by integrating both sides of (18.141) with respect 
to p over the interval (r, 2r). □ 



We now give the proof of Theorem 18. 1[ 
Proof of Theorem 18.11 We may assume that r > 3. By covering A(r) with surface balls 
of small radius c(M) on {{x' ,ip{x')) : x' G M*^"^} and using the first inequality in (18.11) on 
each small surface ball, we obtain 

/ \Vu\^dX<C 

JAir) 

This, together with Lemma [8.21 gives the first inequality in (18. ip . The second inequality in 
(18. ip follows from Lemma 18.31 in a similar fashion. □ 



\^\^da + C [ , „ \Vu\^dX. (8.15) 

A(2r) J \x'\<r+l 



9 Proof of Theorems II. IL 11.21 and 11.3 



Let A G A(yU, A, r) with A* = A. As we pointed out in the Introduction, by a simple 
rescaling argument, it suffices to prove Theorems 11.11 11.21 and 11.31 for 6 = 1, but with 
constant C depending only on d, m, p, A, r and the Lipschitz character of Q. Moreover, 
note that the existence and uniqueness as well as representations by layer potentials of 
solutions to the Dirichlet, regularity and Neumann problems for C{u) = in Q were 
already given by Theorem 16.11 and its proof. As a result, we only need to show that the 
operator norms of ((1/2)J + /C^)"^ on Ll{dn,W^), (-(1/2)J + JCa)'^ on L^{dn,R"') and 
S^^ : W^''^{dn,R"') L'^{dn,R"') are bounded by a "good" constant. 

To this end, for any A G A(/i, A, r), we choose a sequence {^4^} C A(/i, A/2, r/), where r] = 
r]{p,X,T), such that A^ G C^(M'^) and \\A'' - A\\c>^/2(j^d) 0. By Theorem [531 as well as its 
proof, it follows from Theorem 18.11 by a simple localization argument that C'^ = — div(A^V) 
has the Rellich property in any Lipschitz domain Q with constant C{Q) depending only 
on d, m, p, A, r and the Lispchitz character of Q. This implies that the operator norms of 
(±(l/2)/+/C^fc)~^ and S^l are bounded by a "good" constant Cq. Since \\)Cj^k — )Ca\\ l^^l'^ 
and ||iS^fc — iSa||l2^^i,2 — >• by Theorem 13.41 we may conclude that the operator norms of 
(±(1/2)/ + ICa)^^ and S^^ are bounded by the same "good" constant Cq. This completes 
the proof of Theorems II. 1[ 11.21 and II. 3[ □ 
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